Review on tests of General Relativity And Modified Gravity Using Pulsar
  Timing by Renevey, Cyril
TESTS OF GENERAL RELATIVITY AND
MODIFIED GRAVITY USING PULSAR
TIMING
Cyril Renevey
Supervisor : Philippe Jetzer
UZH and ETH Zu¨rich
May 31, 2019
Abstract
In this report we aim to describe the most stringent tests of the strong equivalence
principle, the fundamental principle of General Relativity, using pulsar timing. For
this purpose, we first construct the parametrized post-Newtonian and post-Keplerian
formalism together with their parameters. Then we constrain the post-Newtonian
parameters associated to the violation of the strong equivalence principle with the
most stringent tests using pulsar timing techniques. We will in particular see that
these bounds are the most constraining limits on a violation of the principle. Finally
we will discuss the implication of these results on scalar-tensor theories as well as
massive gravity. We will find that the set of possible scalar-tensor theories can be
tightly reduce, however in the case of massive gravity, the level of precision is not
sufficient to probe the predicted mass of the graviton.
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1 Introduction
General Relativity is yet the fundamental theory of gravity and together with the ΛCDM
model, they describe, with great precision, the behaviour of our Universe. However, the
Standard Model of Cosmology fails to explain the origin of dark matter and dark energy,
which are essential for the theory, and new observations in contradiction with the ΛCDM
model, such as the recent Hubble constant problem, start to emerge. Furthermore, we are
yet unable to reconcile gravity and the Standard Model of particle physics at the quantum
level. For these reasons, theoretical physicists are working on new gravity theories, includ-
ing string theory, massive gravity or other theories only bounded by today’s experimental
data. However, no satisfactory answer to these questions has been found, thus we need
more clues to continue investigating on alternative theories of gravity.
One of the fundamental property of General relativity is the strong equivalence principle
and in order to extend the currently accepted theory of gravity, most of these alterna-
tive theories require a violation of the principle. Indeed testing the validity of the strong
equivalence principle enables cosmologists to constrain or rule out alternative theories and
hopefully to find hints of new physics. Extensive tests of the principle as been conducted,
with great precision, in solar system experiments and up to now, observations support the
strong equivalence principle. However solar system experiments are restricted to the weak
gravitational field regime and we need a way to test General Relativity and the strong
equivalence principle in the strong field regime. For this purpose, the study of pulsars is a
great help. Indeed these particular neutron stars are very compact objects and one need the
realm of strong field gravity to properly describe their behaviour. Using pulsar timing tech-
niques astrophysicists and cosmologists are able to test the validity of General Relativity
in one of the most extreme condition, i.e. in compact objects and in their vicinity.
It is in this context that we write a review of the current results of pulsar timing tests of
General Relativity and modified gravity theories. Since the discovery of the Hulse-Taylor
binary pulsar in 1974, numerous experiments has been conducted in order to test the strong
equivalence principle and modified gravity theories in the strong gravitational field regime.
Our goal is to report and describe the most stringent tests of the principle using pulsar
timing techniques and to use the current observations in order to constrain scalar-tensor
theories and massive gravity. After a small introduction on pulsars and pulsar timing
in section 2, we will describe, in section 3 and 4, the theoretical framework required to
understand the different tests of the strong equivalence principle, namely the parametrized
post-Newtonian and post-Keplerian formalism together with their parameters. Section 5
constitutes the core content of this report, we will talk about the different possible tests
of the strong equivalence principle and mention the most stringent results that has been
found. Using these results, we will constrain, in section 6, the simplest class of modified
gravity theories, i.e. scalar-tensor theories. In section 7 we will finally discuss the case of
massive gravity and mention the constraint, from pulsar observations, on the mass of the
graviton.
2 Properties of Pulsars
Radio pulsars have been confirmed [28] to be rapidly rotating neutron stars with a very
strong magnetic field, which can accelerate particles to very high energies. Moreover if the
magnetic dipole is not aligned with the rotation axis, the pulsar can emit particles and
electromagnetic waves with a precise frequency, in the direction of the magnetic dipole.
These objects can be found alone or in a binary system with a white dwarf or an other
neutron star companion, for example. In particular the pulsar J0337+1715 has two white
dwarf companions [23], which form together a triple system, and this system is particularly
interesting to test the weak equivalence principle, as we will see later on.
1
2.1 Pulsar’s Observation and Timing
The typical frequencies f0 of the emitted photons are of the order of a few hundred MHz,
however at these frequencies, the ionized interstellar medium can alter the sharp picks
of the emission and reduce the precision of the measurements. Moreover the effect of
scintillation due to interference between different rays following different paths can also
alter the measurements. One can reduce these effects with longer time allocations and by
observing higher frequencies range as the alterations decrease roughly as f−40 [28].
In order to have a good estimation of the time of emission t of the pulsar, one need to take
into account, from the observed time of arrival τ , different effects : the Roemer delay ∆R
for the classical travel time through earth orbit, the Shapiro delay ∆S which accounts
for the delay of the signal due to the Sun gravitational field, the Einstein delay ∆E from
time dilation due to the masses in the solar system and the dispersion delay D/f2, where
D = DM/2.41 · 10−4 Hz comes from the pulsar’s dispersion measure and f is the observed
frequency. If the pulsar is part of a binary system, similar delays ∆E , ∆S and ∆R, for the
system itself, need to be be taken into account. This correction can be summarized with
the following formula [28] :
t = τ −D/f2 + ∆R + ∆E −∆S −∆R −∆E −∆S . (1)
We will describe more in detail the parameters ∆R, ∆E and ∆S in the section 4.1 for
general alternative theories.
2.2 Use of Pulsars
Because of their very precise rotation rate, Pulsars are considered as high precision relativis-
tic clocks and thus one of the best objects to study General Relativity. Using pulsar timing
techniques one can measure the Keplerian and post-Keplerian parameters, described in ta-
ble 2, of pulsars and binary systems with very high precision. Furthermore, Pulsars are very
compact objects contrary to the celestial objects in our Solar system, and one can easily ob-
serve or test higher order phenomenon in post-Newtonian approximation. For example the
mean periastron advance of the famous pulsar system PSR B1913+16 is 〈ω˙〉 = 4.23◦ /year
[33], which is very large compared to the perihelion advance of Mercury, ω˙ ∼= 43′′/century.
Pulsars can also have a very short rotation period, of the order of milliseconds, and such
a fast rotation will have different effect on its motion depending on the theory we are con-
sidering. Indeed the spin precession might differ for other theories than General Relativity,
which is an effect we can measure and test, as we will see in chapter 5. When the pulsar
is accompanied by an other celestial object, the compactness of the former will have post-
Newtonian effects on the orbital motion. Here again these effects are theory dependent and
by measuring the orbital parameters such as the orbital period or the eccentricity, one can
test the validity of General Relativity.
3 Parametrized Post-Newtonian Formalism
We first start our discussion by describing the weak field limit using the post-Newtonian
approximation and the PPN parameters. Even though pulsar observations have a bigger
impact in strong gravity astronomy due to their compactness and short orbital periods for
binary systems, they had a significant impact on limiting different gravity theories and
violation of the different equivalence principles in the weak field sector, as we will see
in the sections 5 and 6. We announce already here that throughout the report, otherwise
mentioned, we use the convention c = G = 1 to match the notation of most of the important
sources and for the simplicity of the equations.
2
3.1 The PPN Formalism and its Parameters
To build the PPN formalism and write a general PPN metric, we start by enumerating the
required assumptions :
1. Weak gravitational field and small velocities,
2. matter is described by perfect fluids,
3. metric should be of Newtonian or post-Newtonian order and dimensionless,
4. the metric should be assymptotically Minkowskian,
5. the metric corrections h00, h0i and hij should transform under rotation as scalar,
vector and tensor respectively.
Using these assumptions and keeping only post-Newtonian terms in the metric that appear
in different gravitational theories, one can write a general metric as [33] :
g00 = −1 + 2U + 2(ψ − βU2) + (1− 1
2
α1 + α2 + 2ξ)X¨ + Φ
PF
Harm +O(
3), (2a)
g0j = −1
2
(4(1 + γ) + α1)Vj − 1
4
α1X,0j + Φ
PF
j,Harm +O(
5/2), (2b)
gjk = (1 + 2γU)δjk +O(
2), (2c)
where
ψ :=
1
2
(2γ + 1− 2ξ)Φ1 − (2β − 1− ξ)Φ2 + Φ3 + (3γ − 2ξ)Φ4 + ξΦ6 − ξΦW . (3)
U , Vj , X, Φ1, Φ2, Φ3, Φ4, Φ6, ΦW , Φ
PF
Harm and Φ
PF
j,Harm are different potentials that can
be found in Will 2018 [33] and  ∼ v2 is the small parameter of the expansion. Note that
we are working in the harmonic gauge, i.e. [(1− (1−γ)U√−ggµν ],ν = 0. For more detailed
derivations see Will 2018 ([33]). The last unmentioned variables are the PPN parameters
and have been chosen in such a way that they represent different physical interpretations.
Different gravity theories will have different requirements for these parameters and thus it
is possible to test different theories by the observation of the PPN parameters. A summary
of their interpretations and predicted value for different theories is given in the table 1.
It is important to note however that for the case of compact objects, the post-Newtonian
formalism is not completely satisfactory and we need to consider analogous parameters, γˆ,
βˆ, ξˆ, αˆj and ζˆi, with j = 1, 2, 3 and i = 1, ..., 4, where the ”hat” on the PPN parameters
means that we consider the strong field analog. Even though the comparison between the
strong field and weak field parameters is not straight forward, we usually expect that strong
field corrections of the alternative gravity theories would increase the deviation of a strong
field PPN parameter away from its GR value, thus a bound on the strong field parameters
can be reasonably translated to a bound on the weak field PPN parameters.
3.2 Post-Newtonian Parameters for General Relativity
Our goal is now to find the PPN parameters for the case of General Relativity. As we
can observe in the equations (2), the lowest order in the post-Newtonian approximation
(1PN) is for g00 ∼ O(2), g0i ∼ O(3/2) and gij ∼ O(). Furthermore, at this order the
gravitational radiation is neglected and thus the system is time reversal. This property
of the system is guaranteed if the metric elements g00 and gij are even in , whereas g0i
are odd. Using these arguments and similar ones for the energy-momentum tensor Tµν we
can write the field equations for 1PN corrections to the metric in the de Donder gauge
3
Parameters Physical meaning
GR
prediction
Scalar-tensor
prediction
TeVeS
prediction
γ
Space curvature produced
by unit rest mass
1 1+ω02+ω0 1
β
Non-linearity in superposition
law for gravity
1 1 + λ4+2ω0 1
ξ Preferred-location effects 0 0 0
α1 Preferred-frame effects 0 0 α
′
1
α2 Preferred-frame effects 0 0 α
′
2
α3
Preferred-frame effects and
non-conservation of
total momentum
0 0 0
ζi
Non-conservation of
total momentum
0 0 0
Table 1: List of the PPN parameters with their physical meaning and their
prediction for GR, scalar-tensor and TeVeS theories [32]. i = 1, ..., 4 for ζi, λ
and ω0 are variables for the scalar-tensor theories, described in section 6.1, α
′
1
and α′2 are highly complex functions.
(
√−ggµν),ν = 0 [31]
∆(g
(1)
00 ) =− 8piT 00(0) (4a)
∆(g
(1)
ij ) =− 8piδijT 00(0) (4b)
∆(g
(3/2)
0i ) = 16piT
0i
(1/2) (4c)
∆(g
(2)
00 ) = ∂
2
0(g
(1)
00 + g
(1)
ij ∂i∂j(g
(1)
00 )− ∂i(g(1)00 )∂i(g(1)00 )
− 8pi
(
T 00(1) + T
ii
(1) − 2g(1)00 T 00(0)
)
, (4d)
where g
(n)
µν , T
µν
(n) ∼ O(n) and the sum over repeated indices is implicit. Using these equa-
tions, one can solve for the different orders of the metric and we obtain the expression for
gµν at 1PN [31]
g00 = −1 + 2U − 2(U2 − ψ) +O(3) (5a)
g0i = −4Vi +O(5/2) (5b)
gij = δij + 2Uδij +O(
2), (5c)
where
U =
∫
d3x′
T 00(0)(x
′, t)
|x− x′| , Vi =
∫
d3x′
T 0i(1/2)(x
′, t)
|x− x′|
and ψ =
∫
d3x′
|x− x′|
(−1
4pi
∂20U + T
00
(1)(x
′, t) + T ii(1)(x
′, t)
)
. (6)
To connect this result to the general case (2), we need to write (6) in terms of the potentials
Φi, i = 1, ..., 4. If we want to follow the notation of Will 2018 [33], we need to work with
the energy-momentum tensor for perfect fluids, i.e. Tµν = (ρ+ ρΠ + p)uµuν + pgµν . Since
p/ρ,Π, v2, U ∼ O(), we can write the first few orders of Tµν [33]
T 00 = ρ(1 + Π +
1
2
v2 − U) +O(3/2), (7a)
T ij = ρvivj + pδij +O(3/2). (7b)
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Pulsar parameters Keplerian parameters
Right ascention α Projected semi-major axis x = a1s
Declination δ Eccentricity e
Pulsar period Pp Orbital period Pb
Derivative of period P˙p Longitude of periastron ω0
Time of periastron passage T0
Post-Keplerian parameters
Mean rate of periastron advance 〈ω˙〉
Redshift / Time dilation γ′
Derivation of orbital period P˙b
Range of Shapiro delay r
Shape of Shapiro delay s = sin i
Table 2: Summary of the Keplerian and post-Keplerian parameters. Different
theories of gravity will predict different values for the post-Keplerian parameters.
The parameter i represents the angle between the orbital plane and the plane
of the sky, perpendicular to the line of sight and a1 is the semi-major axis of
the pulsar.(Table from Will 2018 [33]).
From here we can rewrite (6) as
ψ =
∫
d3x′
|x− x′|
(−1
4pi
∂20U + ρ
′Π′ +
1
2
ρ′v′2 − ρ′U ′ + ρ′v′2 + 3p′
)
= X¨ + Φ3 +
3
2
Φ1 − Φ2 + 3Φ4, (8)
where we write f ′ := f(x′, t), for f = v, ρ, U,Π, p. If we now substitute (8) into (5) and
compare with (2), we can deduce the PPN parameters for General Relativity as mentioned
in table 1. Note that to get the expressions for ζi, i = 1, ..., 4 we need to work in a different
gauge, namely the standard PPN gauge.
4 Keplerian and Post-Keplerian Parameters
We now present the parametrized post-Keplerian formalism. Contrary to the PPN formal-
ism, the PPK approach is a general framework in the strong field regime and is described
by the PPK parameters, a set of variables that can be measured in a theory-independent
way. We present, in the table 2, the Keplerian and post-Keplerian parameters contained in
pulsar timing data. First derived by Damour and Taylor 1992 [8], the goal of this formalism
is to be able to test General Relativity and other gravity theories by direct observation of
the parameters presented in the table 2. Different theories will predict different values for
post-Keplerian parameters and one can directly constraint or rule out theories by observing
the PPK parameters for relativistic system such as binary pulsars.
4.1 Post-Keplerian Parameters For Alternative Theories
We now follow the development of Will 2018 [33] to describe the post-Keplerian parameters
for alternative theories. We first need to define a useful coordinate system : we assume that
in the vicinity of the binary system, composed of a pulsar of mass m1 and a companion
of mass m2, the metric is post-Newtonian, asymptotically Minkowskian and the origin is
at the center of mass of the binary system. The time of the observer is denoted t whereas
the proper time of the pulsar is represented by τ . We then define the eccentric anomaly u
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related to the observer time as
u− e sinu = 2pi
Pb
(t− T0), (9)
where e, Pb and T0 are defined in table 2. In short, u tells us where is the pulsar on its
orbit compare to the periastron. In particular, using the definition of u we can express the
distance between the two objects as r = a1(1− e cosu), where a1 is the semimajor axis of
the pulsar. Furthermore we define the N th rotation of the pulsar in terms of the rotation
frequency ν(τ) :
N(τ) = N(0) + ντ +
1
2
ν˙(0)τ2 +O(τ3). (10)
To take into account the corrections for compact objects, we use the modified Einstein-
Infeld-Hoffmann (EIH) metric (see chapter 10 of Will 2018 [33]) in order to relate the proper
time of the pulsar with the time of a far away observer
dτ2 = gµνdx
µdxν = (1− 2α∗2
m2
r
)dt2 − (1 + 2γ∗2
m2
r
)dr2
= dt2
(
1− 2m2
r
(α∗2 + γ
∗
2v
2
1)− v21
)
=⇒ dτ ∼= dt(1− α∗2
m2
r
− v21), (11)
where v1 is the speed of the pulsar relative to the center of mass of the system, α
∗
2 and γ
∗
2 are
functions of the parameters of a particular theory. We took the first order expansion of the
square root and neglected γ∗2v
2
1 as compared to α
∗
2. We also dropped the constant contribu-
tion of the pulsar gravitational effects between the pulsar center of mass and the emission
point : α∗1m1/|xem − x1|. One can then replace the speed with v21 = G(m22/m)(2/r− 1/a),
where m = m1 + m2, a is the semi-major axis between the two objects and G is an EIH
parameter, such that the modified EIH equations of motion are a = −Gmx/r3. We finally
integrate between the time of emission te and t = τ = 0 to obtain
τ ∼= te − m2
a
(α∗2 + G
m2
m
)
Pb
2pi
e sinu, (12)
where we absorbed the constant factor multiplying te into the definition of ν and dropped
the constant terms. After its emission the signal will follow a geodesic to arrive at the
barycenter of the solar system x(ta) at time ta. To compute its true travel time ta− te we
can decompose it into the classical travel time and the Shapiro delay due to the companion’s
gravitational field
ta − te =
∣∣x(ta)− x1(te)∣∣+ (α∗2 + γ∗2 )m2 log( 2r(ta)r(te) + n · x(te)
)
, (13)
where x is the vector between the pulsar and the companion and n is the normal vector
of x. We don’t consider the delay due to the pulsar gravitational field, because it has
a constant effect on the arrival time. We now assume r  r =⇒
∣∣x(ta)− x1(te)∣∣ ∼=
r(ta) − x1(te) · n and we can reset the arrival time as ta → t′a = ta − r. Due to this
resetting, t′a − te is small and one can expand x1(te) around t′a, which gives
x1(te) ∼= x1(t′a) + v1(t′a)(te − t′a) ∼= x1(t′a) + v1(t′a)(x1(t′a) · n). (14)
We can now substitute (14) into (13) and the Shapiro delay is already at first order, so one
can send te → t′a, to finally get
te = t
′
a + (1 + v1(t
′
a) · n)(x1(t′a) · n) + ∆S(t′a), (15)
where ∆S(t
′
a) is the Shapiro delay. By combining equations (10), (12) and (15) we can
relate the pulse number and the arrival time. We can further include a dependence on the
gravitational field of the gravitational constant as
G = G0(1− η∗2
m2
r
), (16)
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where η∗2 depends on the theory. This effect will vary the rotation rate of the pulsar
according to
∆ν
ν
= −κη∗2
m2
r
, (17)
with κ the sensitivity of the moment of inertia to a change in G. Finally we can relate this
derivation to the timing formula (1), without the correction for the solar system gravita-
tional effect
t′a = τ −∆R(u)−∆E(u)−∆S(u), (18)
where τ = N/ν and
∆R(u) = xF (e, ω, u)(1 + xF˙ (e, ω, u)), (19a)
∆E(u) = γ
′ sinu, (19b)
∆S(u) = −2r log
(
1− e cosu− sF (e, ω, u)) , (19c)
where
F (e, ω, u) = sinω(cosu− e) + cosω(1− e2)1/2 sinu, (20a)
x = a1s =
m2
m
as, (20b)
γ′ = em2
(
Pb
2piGm
)1/3
(α∗2 + G
m2
m
+ κη∗2), (20c)
r =
1
2
(α∗2 − γ∗2 )m2, (20d)
s = sin i, (20e)
and ω = ω0 + 〈ω˙〉 (t − t0) + ... is the periastron angle. i is the angle between the plane
of sky, which is the plane perpendicular to the line of sight, and the orbital plane. We
do not derive the expression for 〈ω˙〉 and P˙b here, a complete development for these PPK
parameters is done in chapter 10 and 11, respectively, of Will 2018 [33].
We are now equipped with a powerful tool, by direct observation of the pulsar timing
we can deduce the post-Keplerian parameters and because each theory of gravity predicts
different expressions for α∗2, γ
∗
2 , η
∗
2 and κ, one can test their plausibility. In the equations
(20), we can see that we have a dependence of the PPK parameters on the mass of the
pulsar and its companion. By observing the value of a specific PPK parameter, one can
deduce a curve of possible masses in an m1-m2 diagram and doing so for several parameters
gives us several curves, which should intersect at a single point. Further description of this
test will be done for General Relativity in the section 4.2.
4.2 PPK Parameters for General Relativity and the Mass-Mass
Diagrams
It is interesting to first test the dominant theory of gravity, General Relativity, using the
PPK parameters. For GR, the theory dependent parameters are given by α∗2 = γ
∗
2 = G = 1
and η∗2 = 0. Using these predictions, one can rewrite the PPK parameters (20), in the
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context of GR, where we add for completeness the expression for 〈ω˙〉 and P˙b [33]
γ′ = em2
(
Pb
2pim
)1/3
(1 +
m2
m
), (21a)
r = m2, (21b)
s = sin i = x
(
2pi
Pb
)
m2/3
m2
, (21c)
〈ω˙〉 = 6pi
Pb(1− e2)
(
2pim
Pb
)2/3
, (21d)
P˙b = −192pi
5
(
2piM
Pb
)5/3
f(e), (21e)
where
M = m
(
m1m2
m2
)3/5
the chirp mass,
f(e) = (1− e2)−7/2
(
1 +
73
24
e2 +
37
96
e4
)
.
As previously mentioned, by direct observation of the PPK parameters one can deduce
five independent curves on a mass-mass diagram using the equations (21). Because this
test involves only two unknown variables, the mass of the pulsar m1 and the mass of its
companion m2, but five independent equations, it is a very powerful test of the theory.
One of the most stringent result of this test has been conducted by Kramer et al 2006 [17]
on the binary system PSR J0737-3039A/B. This system is composed of two pulsars, which
makes it very interesting to study and gives very precise measurements of the Keplerian and
post-Keplerian parameters. The mass-mass diagram for the system PSR J0737-3039A/B,
assuming General Relativity is exposed in figure 1.
Figure 1: Mass-mass diagram of the binary system PSR J0737-3039A/B, as-
suming GR. ω˙, r, s, P˙b and γ
′ are the PPK parameters as described in table
2. R represents the mass ratio derived from the semi-major axis measurements.
Each curve is drawn with two lines representing its confidence interval and the
turquoise shade in the zoomed image is the superposition of all the confidence
intervals. (Image from Kramer et al 2006 [17]).
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As we can see in figure 1, General Relativity is compatible with the measurement of the
PPK parameters. Indeed there is a small area for which all the curves intersect within their
confidence interval. Furthermore, from this diagram, one can deduce the masses of the
two objects as predicted by General Relativity. One can repeat this test for other theories
of gravity, which have different predictions for the PPK parameters, and constraint the
parameters of the alternative theory or rule out theories which do not fit the observations.
5 Tests of the Strong Equivalence Principle
With the help of the PPN formalism, it is possible to test the strong equivalence principle
(SEP) using the PPN parameters summarized in the table 1. The studies of single pulsars,
binary systems and the recently discovered triple-star system J0337+1715, were able to set
upper limits on different PPN parameters related to the strong equivalence principle. In this
section we will describe the most recent tests which were able to set the best upper limits on
the strong field parameters αˆ1, αˆ2, αˆ3 and ξˆ, as well as explaining the connection between
these parameters and the strong equivalence principle. The latter states that [30, 33]
1. In an external gravitational field, the motion of test bodies and self-gravitating bodies
is independent of its mass and composition. This statement is an extension of the weak
equivalence principle, called the gravitational weak equivalence principle (GWEP).
2. There exists no preferred reference frame, i.e. Lorentz invariance.
3. There is no preferred position in the universe, i.e. position invariance.
The variation of Newton’s constant is also considered as a violation of the SEP, more
precisely a violation of position invariance. We will then discuss the relevant tests on the
variation of Newton’s constant. Most of the modified gravity theories include violation
of the strong equivalence principle, thus testing its validity is of capital importance in
the research of a new candidate for general relativity. The recent discovery of the triple
system sets an upper limit on the first principle using the strong field approximation of the
Nordtvedt effect, an other result that we will study in this section.
5.1 Limit on αˆ1 using Orbit Eccentricity
As we have seen in table 1, αˆ1 and αˆ2 are associated to preferred-frame effect, i.e. the second
principle we introduced, thus a non-zero value for these parameters would be translated as
a violation of the SEP. Starting with the first parameter αˆ1, a non-zero value for the
latter means that the velocity w of the center of mass of a binary system relative to a
preferred frame, such as the cosmic microwave background (CMB), will have an impact on
the orbital evolution of the binary system. Damour and Esposito-Fare`se [6] have shown
that for a system with low eccentricity e composed of a pulsar and a light companion such
as a white dwarf, the eccentricity vector e, can be written as [28] :
e(t) = eR(t) + eF, (22)
|eF| = 1
12
αˆ1
∣∣∣∣m1 −m2m1 +m2
∣∣∣∣ |w⊥|[(m1 +m2)2pi/Pb]1/3 , (23)
where eR is the change of eccentricity due to the advance of periastron ω˙, eF is a constant
forced eccentricity due to a non-zero αˆ1, m1 is the mass of the pulsar, m2 the mass of
the companion, w⊥ the projection of w on the orbital plane and Pb is the orbital period.
We call θ(t) the angle between eR(t) and eF. To assume a uniformly distributed initial θ,
the system should be old enough to have let eR(t) completely rotate several times. If the
observation period T is long enough, the change in θ will be big enough to account for a
significant change in the norm of the eccentricity, i.e.
e2 = e2F + e
2
R + 2eReF cos θ. (24)
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Figure 2: Upper : (i) eccentricity vector as a superposition of the precession
of periastron component eR(t) and the forced constant component eF at some
time t, (ii) worst initial condition for the observation of the forced component,
the two components cancel out exactly for δ = 0, (iii) difference between two
observations at time t0 and t, eF stays constant whereas eR rotates, eobs is the
time averaged observed eccentricity vector.
Lower : sinusoidal behaviour of the norm of the eccentricity vector with respect
to the angle θ. (figure from Shao and Wex 2012 [26]).
Note that the norms eF and eR are constant and θ(t) = θ0 + ω˙t is linear in time, thus e
2
is a sinusoidal function of time. An illustration of the evolution of the eccentricity vector
is exposed in figure 2. One can further note from equation (22) and (23) that the figure of
merit to test the PPN parameter αˆ1, i.e. the property required for a good measurements,
is [26]
P 2b /e. (25)
The observation of eccentricity vector has been conducted for the system PSR J1738+0333
[26]. This pulsar-white dwarf system is particularly interesting, because its orbital period
is short Pb = 8.51 hours, we know its very low eccentricity vector with a certainty up to
3σ, e = 3.4 · 10−7 [26], the time of observation is T ∼= 10 years and ∆θ ∼= 16◦. Using the
data for the pulsar system PSR J1738+0333, Shao and Wex were able to set a new limit
on αˆ1 at 95%CL using (23) and (24) to [26] :
|αˆ1| upper = 3.5 · 10−5. (26)
5.2 Eccentricity as a Test of αˆ3
As mentioned in table 1, αˆ3 represents a violation of Lorentz invariance and energy momen-
tum conservation. Because of the latter, most theories of modified gravity predict αˆ3 = 0
and its test is not used to differentiate different theories. Nevertheless, it is an important
indicator of the validity of GR and recent experiments were able to set a very constraining
limit on this parameter. In the following we will describe the work of Bell and Damour
1996 [3] who studied the effect of αˆ3 on the eccentricity of binary systems.
In a binary system, a single body will feel an acceleration due to Newtonian and relativistic
effects from the other body in the system. However, for a non-zero αˆ3, each body will feel
a self-acceleration a due to violation of energy-momentum conservation [3]:
a = −1
3
αˆ3
Egrav
m
(w + v)× ω, (27)
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where Egrav is the gravitational self-energy, m the mass, w the absolute velocity of the
center of mass relative to a preferred frame, v is the relative velocity of the object in
the system and ω is the spin angular momentum. In a pulsar-white dwarf system, the
perturbation of the relative acceleration ar = a1 − a2, where the indices 1 and 2 represent
the pulsar and the white dwarf respectively, can be decomposed as [3] :
ar =
αˆ3
6
w × (c1ω1 − c2ω2) + αˆ3
6
v × ( m1
m1 +m2
c1ω1 +
m2
m1 +m2
c2ω2), (28)
where ci ∼= −2Egrav,i/mi is the compactness parameter. For binary pulsars, one usually
expect that the spin and orbital angular momentum are parallel, thus v×ωi is centripetal
and the second term in the RHS of (28) gives a non-observable contribution. Furthermore
because c1  c2 and |ω1|  |ω2| we can reduce the perturbation of the relative acceleration
to [3]
ar ∼= αˆ3
6
w × c1ω1. (29)
This perturbation will have an influence on the eccentricity vector, e(t) = eR(t) + eαˆ3 ,
where eR(t) rotates due to periastron precession ω˙, and eαˆ3 can be rewritten using v×ω1 =
wω1 sinβeˆ and ω1 = 2pi/P , P the rotation period, as [3]
e(t) = eR(t) + αˆ3
c1wP
2
b
24piPM
sinβeˆ. (30)
Thus by observing eobs = |e(t)| at a certain time t of several low eccentricity systems, one
can infer a limit for the value of αˆ3, assuming that β is uniformly distributed. One can also
see from equation (30) that we are looking for a pulsar binary system such that
P 2b
eP
(31)
is high, in order to optimize the constraint on the PPN parameter. Using the observation
of 9 different binary systems, Bell and Damour 1996 were able to set an upper limit on αˆ3
at 95% CL [3] :
|αˆ3| upper = 2.4 · 10−20. (32)
It is interesting to note that Stairs et al 2005 [29] followed a similar method using three
different newly discovered wide orbit binary pulsars and obtained |αˆ3| upper = 4.0 · 10−20,
which increases our confidence on this very restraining result.
5.3 Induced Spin Precession and the limit on αˆ2
Following the reasoning of Nordtvedt 1987 [20] we first describe the effect of αˆ2 on the spin
of a pulsar. The relevant contribution to post-Newtonian Lagrangian is of the form
L = − αˆ2
2
∑
i,j
mimj
rij
(w · rˆij)2, (33)
where mi are masses of the objects in the system, rˆij is the unit vector of the distance
rij between objects i and j, rij = |rij| and w is the velocity of the system relative to the
preferred frame. In the case of a single celestial body in internal equilibrium, one can use
the tensor virial relation :
1
2
∑
i,j
mimj
r3ij
rij · rijT =
∫
p(r)dV · I3 +
∫
ρ(r)v(r) · v(r)TdV, (34)
where we neglect the pressure p(r) compare to the density ρ(r) of the object, I3 is the 3×3
identity matrix and v(r) is the rotational velocity field. Furthermore, one can recognize
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Figure 3: Illustration of a pulsar moving with velocity w relative to the preferred
frame and spinning with angular velocity ω. The coordinate system (ˆI, Jˆ, Kˆ) is
such that Kˆ is the line of sight and Iˆ and Jˆ are in the plane of sky perpendicular
to the line of sight. a = Kˆ × ω/|Kˆ× ω| lies on the plane of sky.(figure from
Shao et al 2013 [25]).
that the second term of the RHS is the rotational kinetic energy tensor T ijrot. One can then
substitute (34) into (33) to get
−L = αˆ2Trot(w · ωˆ)2, (35)
where ωˆ is the unit vector of the spin vector ω. One can then identify −δL as being an
anisotropic potential energy, which translate into a torque |τ | = |−∂δL/∂φ| in the motion
of the body and thus a spin precession around w
Ω = 2αˆ2
Trot
J
w2wˆ · ωˆ = αˆ2ωw2 cosψ, (36)
where ψ is the angle between w and ω. Note that in Shao et al 2013 [25] they use an
other parametrization, namely αˆ2|Nordtvedt = −1/2 αˆ2|Shao. we represent the different
components and angles describing the movement of the pulsar in the figure 3.
To test for the PPN parameter αˆ2 we remark that the angle λ between the line of sight
and the spin axis varies as the spin axis precesses around w [25] :
dλ
dt
= Ω cos θ, (37)
where θ is the angle between w and a. The precession of the the spin axis induces a
precession of the magnetic dipole and thus the angle between the latter and the line of
sight, which has for consequence that the intensity of the pulses measured on Earth will
vary.
Because geodetic precession, in a binary sytem, can also influence the intensity of the
pulses, Shao et al 2013 [25] worked with the data of two solitary millisecond pulsars. The
main requirement for a good measurement of αˆ2 is a short period of rotation P and a
long period of observation Tobs. In the case of PSR B1937+21 and PSR J1744-1134, the
time span of the data is 15 years and their spin period is P = 1.5578ms and 4.0745ms,
respectively, thus they are good candidates for constraining the PPN parameter. Using
both pulsars, Shao et al were able to set a new constraint on the strong field PPN parameter
with 95% CL [25] :
|αˆ2| upper = 1.6 · 10−9. (38)
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5.4 Spin Precession Method for the Upper Limit on ξˆ
As we have seen in the table 1, ξˆ is the strong field analog to the PPN parameter ξ related
to the preferred-location effects and it represents the violation of position invariance in the
SEP. If we suppose a system composed of a solitary pulsar in the gravitational field of a
galaxy, the ξˆ-related term in the Lagrangian is of the form [27]
Lξˆ =
ξˆ
2
UG
∑
i,j
mimj
r3ij
(rij · nˆG)2, (39)
where UG is the gravitational potential of the galaxy and nˆG = RG/RG is the unit vector
between the center of the galaxy and the solitary pulsar. We see a similar structure as
in (33) and following the development of Nordtvedt 1987 [20], one can show that it will
translate into a spin precession as in the case of α2 [27] :
Ω = ξˆ
2pi
P
vG cosψ, (40)
where P is the spin period, vG =
√
UG is an effective velocity and ψ is the angle between
spin axis and nˆG. Note here again that the parametrization between Shao and Wex [27]
and Nordtvedt [20] is different : ξˆ
∣∣∣
Nordtvedt
= −1/2 ξˆ
∣∣∣
Shao
.
Following a similar method as exposed in section 5.3, Shao and Wex 2013 [27] found an
upper limit for the strong field generalization ξˆ at 95% CL :
|ξˆ| upper = 3.9 · 10−9. (41)
5.5 Nordtvedt Effect and the Universality of Free Fall
We have yet not talked about the weak equivalence principle, which states that all objects
experience the same acceleration in a given gravitational field, in other word, the ratio
between the inertial mass mi and gravitational mass mg is constant. This ratio is usually
normalized to one using Newton’s constant. We can express this ratio in terms of the PPN
parameters as [28]
mg
mi
:= 1 + ∆ = 1 + η
(
Eg
m
)
+ η′
(
Eg
m
)2
+ ..., (42)
where Eg is the gravitational self-energy, m is the total mass energy and
η = 4β − γ − 3− 10
3
ξ − α1 + 2
3
α2 − 2
3
ζ1 − 1
3
ζ2 (43)
is the Nordtvedt parameter. At first order we thus have ∆ = ηEg/m and a non-zero
Nordtvedt parameter would lead to different acceleration for bodies with different frac-
tional gravitational self-energy F := Eg/m. Extensive tests have been conducted for the
Earth-Moon system in the gravitational field of the Sun, however, because the difference
between Fearth and Fmoon is of order 10
−10, even with a precise measurement of the rel-
ative acceleration |∆| = |∆earth −∆moon| due to the Sun gravitational field, it is hard to
constraint η. Measurements using the Lunar Laser Ranging lead to a remarkable constraint
of |η| < 2.9 · 10−4 [14].
One can also try to constraint the Nordtvedt parameter using a pulsar and its companion
in the gravitational field of their galaxy, however the recent discovery of the triple system
PSR J0337+1715, allows for a more precise measurement of the parameter. Here again,
since we are dealing with compact objects, we need to consider the strong field analog ηˆ of
the Nordtvedt parameter and the comparison with the LLR result is not straight forward.
The interesting particularity of the triple system is that the pulsar has two white dwarf
companions, the companion A with an orbital period of Pb = 1.63 days and the comanion
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B orbiting further with Pb = 327.26 days. Archibald et al 2018 [1] were able to constraint
the relative acceleration between the pulsar and the companion A in the gravitational field
of the companion B, |∆P −∆A| < 2.6 · 10−6. Since the difference FP − FA ∼ 0.1 it leads
to a constraint at 95% CL of the strong field Nordtvedt parameter [1]
|ηˆ|upper = 2.6 · 10−5. (44)
5.6 Variation of Newton’s Constant
Some modified gravity theories predict a variation of the Newton’s constant G with respect
to a preferred cosmic frame. In order to correctly describe the variation of G, we don’t
normalize it to 1 in this subsection. The variation is usually of the form [33]
G˙
G
∼= σH0, (45)
where H0 is the Hubble constant and σ is a dimensionless parameter depending on the
gravity theory. In particular, we have σ = 0 for General Relativity. Such a variation should
have an impact on the orbital period of a binary system and on the spin of a compact object.
In this section, we will analyze in detail the G˙ effect on the orbital period of a binary system.
We can decompose the evolution of the orbital period P˙b into five contributions [18]
P˙b = P˙m˙ + P˙T + P˙D + P˙GW + P˙G˙, (46)
where P˙m˙ comes from the loss of mass due to loss of rotational energy, P˙T is the tidal force
losses contribution, P˙D takes into account the Doppler correction, P˙GW is the loss of energy
through gravitational waves and finally P˙G˙ is the G˙ effect on the orbital motion. The two
first terms are neglected because they are small compared to P˙b. The value for P˙b, P˙D and
P˙GW are calculated for the binary pulsar PSR J1012+5307 in Lazaridis et al 2009 [18]. In
order to constraint G˙/G we need to describe the contribution P˙G˙, which we derive following
Nordvedt 1990 [21]. We first write the orbital period of a pulsar at post-Newtonian order
for a general gravity theory :
PG˙
∼= 2pil
3
G2m2
(1− e2)−3/2, (47)
where l = r2θ˙ is the usual angular momentum, e the eccentricity and m = m1 + m2, with
m1, m2 the mass of the pulsar and the companion, respectively. Using (47) one can derive
the orbital period evolution due to a variation of Newton’s constant
P˙G˙
PG˙
= 3
l˙
l
− 2 G˙
G
− 2m˙
m
. (48)
The mass term is typically a function of the Newton’s constant and the PPN parameters,
it can be written at first order as
m˙
m
=
G
m
δm
δG
G˙
G
, (49)
where
δm
δG
=
∂m
∂G
+
∂m
∂γ
γ˙
G˙
+
∂m
∂β
β˙
G˙
+ ... (50)
We further define the compactness ci of an object i = 1, 2 as
ci :=
G
mi
δmi
δG
, (51)
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thus equation (49) becomes
m˙
m
=
m1c1 +m2c2
m1 +m2
G˙
G
. (52)
We now want to describe the angular momentum term in (48) using G˙ and G. If we
only consider the effect of G˙ on the orbital period, which is our case, then we can use the
conservation of momentum p˙ = 0 to write
dvi
dt
= −m˙i
mi
vi = − G˙
G
civi, (53)
where we further assume non-relativistic speed and vi is the speed of an object i relative to
the cosmos. Note that this acceleration is only caused by the variation of G if the body is
moving in the cosmos. We can decompose the velocity in two parts vi = ui +w, where ui
is the velocity of object i relative to the center of mass and w is the velocity of the center
of mass relative to the cosmos. Furthermore, equation (53) will induce a change in angular
momentum l of the binary system. If l = r× v, where r = r1 − r2 is the distance between
the two objects and v = r˙, then
dl
dt
= r× a = − G˙
G
r× (c1v1 − c2v2)
= − G˙
G
((c1 − c2)r×w + c1l1 + c2l2)
= − G˙
G
(
(c1 − c2)r×w + c1m2 + c2m1
m1 +m2
l
)
, (54)
where li = ri ×ui is the angular momentum of object i with respect to the center of mass.
Lazaridis et al 2009 [18] considered the pulsar PSR J1012+5307, which has a white dwarf
companion. This system has a very small eccentricity, e < 8.4 · 10−7, we can assume that
the orbits are circular and r×w = 0. Furthermore the compactness c2 of the white dwarf
is negligible compared to the compactness c1 of the pulsar, thus, using equation (54), one
can write
l˙
l
= − c1m2
m1 +m2
G˙
G
. (55)
Finally we can substitute (52) and (55) into (48) to obtain
P˙G˙
PG˙
= −2 G˙
G
(
1 + (1 +
m1
2m
)c1
)
. (56)
Note that in Lazaridis et al 2009 [18] they use the notion of sensitivity s1 instead of com-
pactness, both notions are connected as s1 = −c1. Finally using equations (46) and (55),
together with the measured or calculated values of Pb, PD, PGW , m1, m2 and c1 for PSR
J1012+5307, one can find a bound for the variation of Newton’s constant. Lazaridis et al
2009 [18] could measure a value for G˙/G at 95% CL of
G˙
G
= (−0.7± 3.3)10−12. (57)
This result seems very constraining for the variation of Newton’s constant and indeed it
is one of the lowest measured value for G˙/G. However measurements conducted in the
Solar system could set a stronger restriction on this variation. In particular, Konopliv et
al 2011 [16] and Pitjeva and Pitjev 2013 [22] found a value of G˙/G = (0.1± 1.6)10−13 and
G˙/G = (−0.6 ± 0.4)10−13 (values taken from Will 2018 [33]), respectively. Note that the
latter found a significant deviation from zero, however most of the tests include the null
value in their confidence interval and one could expect a false test at 95% CL, if G˙/G is
indeed zero. Further more precise measurements should be conducted to investigate this
deviation.
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5.7 First Discussion on SEP Tests
We start by summarizing the current lowest upper limit of the PPN parameters the Nordtvedt
parameter and the variation of the Newton’s constant representing violations of the SEP
in the table 3. As already mentioned the limits were set on strong field analog to the
PPN parameters, however one can infer a limit on the weak field parameters using the rea-
sonable assumption that strong field corrections would increase the deviation on the PPN
parameters. For more information on the weak field tests, see Will 2014 [32].
Parameters Value Method
|αˆ1| 3.5 · 10−5 Eccentricity of binary pulsars
|αˆ2| 1.6 · 10−9 Eccentricity of binary pulsars
|αˆ3| 2.4 · 10−20 Spin precession of solitary pulsars
|ξˆ| 3.9 · 10−9 Spin precession of solitary pulsars
|ηˆ| 2.6 · 10−5 Nordtvedt effect
|G˙/G| 4 · 10
−12 Variation of orbital period of binary pulsar
1.7 · 10−13 Mars ephemeris
Table 3: Summary of the lowest upper limit with 95% CL of the PPN pa-
rameters, the Nordtvedt parameters and the variation of Newton’s constant
representing violations of the strong equivalence principle and the method used
to set the limit. The hat on the PPN parameters means that we are considering
the strong field analog to the weak field parameters described in section 3.1.
The main conclusion one can make using the tests we described in this section is that no
significant deviation from general relativity has been discovered for the strong equivalence
principle using the parametrized post-Newtonian formalism and the Keplerian parameters.
In this review, we only considered the most stringent tests, however there were a lot of
studies testing the parameters summarized in table 3 using similar methods and none of
them reported a significant deviation from zero (see conclusion of Will 2014 [32]). The
result of Pitjeva and Pitjev 2013 [22] of the variation of Newton’s constant is significantly
different than zero, G˙/G = (−0.6± 0.4) · 10−13 at 95% CL. If G is indeed a constant, one
might still expect some false significant deviations from zero for G˙ at 95% CL. However
further tests with higher precision should be conducted in order to falsify or verify this
result.
If one want to set stronger constraints on the parameters described in table 3, one can
start by finding better candidates for the tests being considered. In the case of αˆ1 and αˆ3,
binary pulsars with a high figure of merit described by (26) and (31), respectively, should be
studied. For αˆ2 and ξˆ, a solitary pulsar with very high rotation frequency and long period
of observation is required for a good test. Better candidates than the triple system PSR
J0337+1715 to constraint the Nordtvedt parameter might be hard to find, one can look
for an other triple system or binary systems close to the center of their galaxy. Finally for
the variation of Newton’s constant, one need a binary system with a very low eccentricity,
short orbital period and long observation time to have a precise measurement of P˙b.
6 Scalar-Tensor Theories
Scalar-tensor theories (ST theories) are among the best alternative candidates of General
Relativity. The first ST theory was initiated by Brans and Dicke in 1961 and a lot of
different versions have florished at the end of the 20th century, following the trend of string
theory, with the dilaton field, or inflationary models. The idea behind ST theories is simple,
adding a scalar field φ together with the usual tensor field gµν . The action of scalar-tensor
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theories can be written as [33]
S[φ, gµν ] =
1
16piG
∫ (
φR− ω(φ)
φ
gµνφ,µφ,ν − U(φ)
)√−gd4x+ SM [ψm, φ, gµν ], (58)
where ω(φ) is an arbitrary coupling function, R is the Ricci scalar, U(φ) is an arbitrary
potential and SM is the action of matter coupling. There are several manipulations one
can perform to make (58) look nicer. We start by redefining the tensor field gµν → g˜µν =
φ/φ0gµν , where φ0 is a normalization constant, supposedly the value of the scalar field far
away. This gives a new action
S[φ, g˜µν ] =
1
16piG˜
∫ (
R˜− 3 + 2ω(φ)
2φ2
g˜µνφ,µφ,ν − V (φ)
)√
−g˜d4x+ SM [ψm, φ, φ−1g˜µν ],
(59)
where R˜ is the Ricci scalar associated to g˜µν , V (φ) = φ0U(φ)/φ
2 and G˜ = G/φ0. Further-
more we can also redefine the scalar field, φ→ ϕ, such that
A(ϕ) = φ−1/2, (60)
dA(ϕ)
dϕ
= φ−1/2(3 + 2ω(φ))−1/2 (61)
and the action becomes [33]
S[ϕ, g˜µν ] =
1
16piG˜
∫ (
R˜− 2g˜µνϕ,µϕ,ν − V¯ (ϕ)
)√
−g˜d4x+ SM [ψm, ϕ,A2(ϕ)g˜µν ], (62)
where V¯ (ϕ) = V (φ). In the following sections, we will construct the PPN and PPK
formalism for the theory described by the action (59) and expose some interesting tests
of this theory using pulsar timing.
6.1 PPN Formalism in ST Theories
We can now use the PPN formalism described in section 3 in the case of scalar-tensor
theories and compare the result with General Relativity. For this purpose, we summarize the
development of Will 2018 [33] and for more details see its chapter 5. From (59) we can write
the field equations for g˜µν and φ, using h˜
µν := ηµν −√−g˜g˜µν , with ηµν = diag{−1, 1, 1, 1},
and imposing the harmonic coordinates condition h˜µν,ν = 0
h˜µν = −16piG˜(−g˜)
(
T˜µν + t˜µνφ + t˜
µν
LL + t˜
µν
H
)
, (63a)
φ = −8piG˜τs, (63b)
where T˜µν = (φ0/φ)
3Tµν , t˜µνφ , t˜
µν
LL and t˜
µν
H are the field, the Landau-Lifshitz and the
harmonic pseudo-tensors, respectively, they are described in Will 2018 [33] as well as τs.
We further assume perfect fluid thus Tµν = (ρ+ρΠ+p)uµuν+gµνp. To solve equations (63a)
and (63b), we can use the iterative method, i.e. one substitute the zeroth order hµν0 = 0
and φ0 in the RHS and then solve the equations for the first order h
µν
1 and φ1 := φ0Ψ. The
solution at first, Newtonian order is
h˜001 = 4G˜U (64a)
h˜0j1 = 4G˜V
j (64b)
h˜ik1 = 0, i 6= k (64c)
Ψ =
2
3 + 2ω0
G˜U, (64d)
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where ω0 = ω(φ0) and
V j =
∫
ρ(t,x′)
v′j
|x− x′| d
3x′. (65)
using the Newtonian approximation g00 = −1+2GU , we can describe the modified Newton’s
constant G˜ using the usual Newton’s constant G as
G˜ = G
3 + 2ω0
4 + 2ω0
. (66)
One can now repeat the process to compute the second, post-Newtonian order and the
post-Newtonian metric for scalar-tensor theories can be written as
g00 = −1 + 2U + 2
(
ψ − (1 + ζλ)U2 + 1
2
X¨
)
+O(3) (67a)
g0j = − 4
c3
(1− ζ)Vj +O(5/2) (67b)
gik = δik(1 + 2(1− 2ζ)U) +O(2), i 6= k (67c)
Ψ = 2ζU +O(2), (67d)
where
ψ =
1
2
(3− 4ζ)Φ1 − (1 + 2ζλ)Φ2 + Φ3 + 3(1− 2ζ)φ4,
ζ =
1
4 + 2ω0
, λ =
φ0ω
′(φ0)
(3 + 2ω0)(4 + 2ω0)
, X(t,x) =
∫
ρ(t,x′)|x− x′|d3x′
∇2Φ1 = −4piρv2, ∇2Φ2 = −4piρU, ∇2Φ3 = −4piρΠ, ∇2Φ3 = −4pip.
We find the PPN parameters for scalar-tensor theories by comparing the general PPN metric
(2) with the post-Newtonian metric for ST theories (67) in the standard PPN gauge, i.e.
t = t¯+ X˙/2 and xj = x¯j . The result gives
γ =
1 + ω0
2 + ω0
, β = 1 +
φ0ω
′(φ0)
(3 + 2ω0)(4 + 2ω0)2
(68)
and ξ = ζi = αi = 0. From here, we see that most of the tests we have seen in the section 5
are not constraining scalar-tensor theories, except the variation of Newton’s constant and
the Nordtvedt effect.
6.2 Coupling Function and the 2D Space of Tensor-Scalar Theories
Our purpose is now to describe all the space of all the different scalar-tensor theories
derived from the Lagrangian (62) at post-Newtonian order. The space we are about to
construct also includes more general Lagrangian as explained in Damour 2009 [5]. We start
by defining the coupling function a(ϕ) := log
(
A(ϕ)
)
. The name of this function has not
been randomly chosen, we can describe the coupling of the matter fields through gravity
due to the exchange of a scalar field, which gives us a deviation from GR. Later on we want
to expand the coupling function up to second order, thus we further define α(ϕ) := a′(ϕ)
and β(ϕ) := a′′(ϕ). Using the definition of a(ϕ), we can derive the expressions for α(ϕ)
and β(ϕ). Starting with the former we have
α(ϕ) =
A′(φ)
A(φ)
= (2ω(φ) + 3)−1/2, (69)
using the equations (60) and (61). To find the expression for β(ϕ) we first need
∂φ
∂ϕ
=
∂(A−2(ϕ))
∂ϕ
= −2α(ϕ)φ. (70)
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The expression of β(ϕ) is given by
β(ϕ) = α′(ϕ) = − ω
′(φ)
(3 + 2ω(φ))3/2
∂φ
∂ϕ
=
2ω′(φ)φ
(3 + ω(φ))2
. (71)
Now we can take the asymptotic limit φ → φ0 of the derivatives of the coupling function,
namely α(ϕ0) := α0 and β(ϕ0) := β0, and describe the PPN parameters (68) using only
these two variables
γ = 1− 2 α
2
0
1 + α20
and β = 1 +
1
2
α20β0
(1 + α20)
2
. (72)
Furthermore we can also write G = G˜(1 + α20). This is quite remarkable, we are able
to describe the effect of the scalar field on the post-Newtonian metric using only the two
first derivatives of the coupling function. One can interpret this result using the notion
of Feynman diagrams. Indeed the interaction between two worldlines is mediated by a
graviton and a scalar field. The scalar field couples to matter with strength G˜1/2α0, thus
the exchange of a scalar field between two matter fields gives a contribution G˜α20, due to
two vertices. We can thus describe scalar-tensor theories at post-Newtonian order with the
second order expansion of the coupling function
a(ϕ) = α0(ϕ− ϕ0) + 1
2
β0(ϕ− ϕ0)2. (73)
We can now define the 2D space of scalar-tensor theories T (α0, β0), which are described
with the coupling function a(α0, β0). It is important to note that in the weak field limit,
this 2D space describes all the possible monoscalar-tensor theories, thus constraining the
asymptotic coupling constants amounts to reduce the size of possible theories in T (α0, β0).
Using the constraint on the strong field Nordtvedt parameter ηˆ exposed in table 3, we
can deduce a first constraint on the asymptotic coupling constants. Indeed the Nordtvedt
parameter for scalar-tensor theories is
η(α0, β0) = 2α
2
0
1 + β0 + β
2
0
(1 + α20)
2
. (74)
Since we are constraining two parameters with only one equation, the resulting upper bound
will be a curve α0(β0). We can easily see in equation (74) that η(α0, β0) is symmetric
in α0, as well as equations (72), thus we can only consider the positive values for α0
without loss of generality. The most constraining upper bound for the strong field Nordtvedt
parameter was set by Archibald et al 2018 [1] with the triple system PSR J0337+1715 as
described in section 5.5. Using their constraint, we draw the upper limit curve for the
asymptotic coupling constants in figure 4. As we could expect from equation (74), with
a small value for α0, β0 is very weakly bounded, however it has little effect on the PPN
parameter β as we can observe in equation (72). We can also observe on the figure that for
β0 ∼= −1, the maximum value for α0 seems to diverge, however it is not the case. Indeed the
equation η(α0, β0) = −|ηˆ| upper, represented by the dashed line, does not admit solutions
for β0 > −1.01, where α0 ∼= 0.06 is the value at the boundary, but with this value for β0
the equation η(α0, β0) = |ηˆ| upper, represented by the solid line, leads to α0 ∼= 0.09, which
is the highest value possible for α0. Once more we need to be careful when analyzing this
result, η(α0, β0) was derived using the weak field limit, whereas |ηˆ| upper was set using a
triple system in the strong field regime, thus other parameters than α0 and β0 might be
needed to completely describe the system using scalar-tensor theories.
6.3 Spontaneous Scalarization and the Lower Bound on β0
We start by describing the internal problem of a compact object using scalar-tensor theories.
For this purpose we will rely on the work of Damour 2009 [5]. Using the action (62) we can
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Figure 4: Constraint on the asymptotic coupling constant α0 and β0 of scalar-
tensor theories using the triple system PSR J0337+1715 and the constraint
on the strong field Nordtvedt parameter ηˆ exposed in table 3. The dashed line
represents the upper bound of α0(β0) for the limit η(α0, β0) ≥ −|ηˆ| upper and the
solid line is the upper limit for η(a0, b0) ≤ |ηˆ| upper, where |ηˆ| upper = 2.6 · 10−5
is the constraint found by Archibald et al 2018 [1] on the strong field Nordtvedt
parameter.
derive the field equations
R˜µν = 2∂µϕ∂νϕ+ 8piG˜(T˜µν − 1
2
g˜µνT ), (75a)
g˜ϕ = −4piG˜a(ϕ)T˜ , (75b)
where T˜µν = 2(g˜)−1/2δSM/δg˜µν . One can work on the field equations for a slowly rotating
neutron star with the boundary conditions g˜µν → ηµν and ϕ → ϕ0 at large distances to
find the relevant contribution of the scalar field to the total mass mA(ϕ0), the total scalar
charge ωA(ϕ0) and the moment of inertia IA(ϕ0) of the neutron star. Furthermore they
satisfy the relation
∂mA
∂ϕ0
= − ωA
mA
:= αA(ϕ0), (76)
and we define useful quantities
βA(ϕ0) :=
∂αA
∂ϕ0
and kA(ϕ0) := −∂IA
∂ϕ0
. (77)
Note that in the case of a weak self-graviting object, the parameter αA(ϕ0) becomes the
first derivative of the coupling function α(ϕ0) defined in (69) and thus shares a similar
physical interpretation with α0, being the effective coupling strength between the neutron
star and the scalar field.
We can now describe the concept of spontaneous scalarization. As explained by Damour
and Esposito-Fare`se 1996 [7], for small enough β0, a compact object, such as neutron star,
with a mass mA higher than a critical mass mc(β0) depending on β0, the coupling constant
βA(ϕ0) becomes of order of unity. On figure 5 we draw the dependence of mc on β0 for the
model A(ϕ) = exp
(
1
2β0ϕ
2
)
. We can see that for small β0 the critical mass becomes of the
order of the solar mass m. Furthermore, as shown in figure 6 for a specific scalar-tensor
theory T (−0.014,−6), the coupling strength or scalar charge αA becomes of the order of
unity even for small α0 and one would observe such effect on the motion of pulsars. It
is commonly accepted that the minimum value for β0 that fits the current observations is
β0 ≥ −5 [7], which sets yet an other constraint on the possible scalar-tensor theories.
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Figure 5: Dependence of the critical mass
to solar mass ratio on the parameter β0
for the specific scalar-tensor theory with
A(ϕ) = exp
(
1
2β0ϕ
2
)
. Figure taken from
Damour and Esposito-Fare`se 1996 [7].
Figure 6: Dependence of the scalar charge
on the baryonic mass to solar mass ra-
tio for a compact object. The solid line
represents the theory T (−0.014,−6), the
dashed line T (0,−6) and the dotted line
is the unstable configuration of the star.
Figure taken from Damour 2009 [5].
Figure 7: Constraint on the asymptotic coupling constants α0 and β0 of scalar-
tensor theories for different tests using pulsars and solar system. The line labeled
0337 is the constraint using the triple system PSR J0337+1715. Figure taken
from Archibald et al 2018 [1].
Using the constraint due to the limit on the Nordtvedt parameter represented in figure
4 and this new limit on β0, we can refine the upper bound for the function α0(β0). This
investigation was conducted by Archibald et al 2018 [1] and their result is exposed in figure
7. In the figure, the authors also added the previous most constraining tests and we can
see that for a large range of values for β0, the triple system test sets the currently most
constraining limit. Furthermore contrary to figure 4 we can see the maximum limit of α0.
6.4 PPK Parameters for Scalar-Tensor Theories
In this section, our goal is to write the PPK parameters for a binary system in a general
scalar-tensor theory. We are now considering strong field effect, thus the asymptotic values
α0 and β0 are not sufficient anymore, we need to consider the effective coupling strength
and its derivative. Both objects have effective coupling strength αA and αB together with
their derivative βA and βB , which represent the interaction of the different objects with
the scalar field. To get to the expression for the PPK parameters, one can start with the
action (62) for the point mass objects approximation. Such a derivation was conducted by
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Horbatsch and Burgess 2012 [15] and we now give their results
GAB = G˜(1 + αAαB) (78a)
ω˙ =
n
1− e2
(
GABMn
c3
)2/3(
3− αAαB
1 + αAαB
− XAβBα
2
A +XBβAα
2
B
2(1 + αAαB)2
)
(78b)
γ′ =
eXB
n(1 + αAαB)
(
GABMn
c3
)2/3
(XB(1 + αAαB) + 1 + kAαB) (78c)
r = G˜(1 + α0αB)
mB
c3
(78d)
s =
nxA
XB
(
GABMn
c3
)−1/3
(78e)
P˙b = P˙
mon
b + P˙
dip
b + P˙
qua
b + P˙
kin
b + P˙
gal
b , (78f)
where M = mA +mB , n = 2pi/Pb, Xi = mi/M and xA is the projected semi-major axis of
the object A. The exponents in equation (78f) account for monopole, dipole, quadripole,
kinetic and galaxy respectively. The expressions for the different contributions to P˙b are long
and exposed in Horbatsch and Burgess 2012 [15] if needed, we will only comment on their
interpretation here. P˙monb , P˙
dip
b and P˙
qua
b are the contributions due to monopole, dipole and
quadripole radiations. Then P˙ kinb accounts for the contribution due to the relative speed
between the system and the solar system. Finally P˙ galb describes the galactic contribution
due to the relative acceleration between the system and the solar system. We can also
relate the PPK parameters of scalar-tensor theory with the general PPK parameters (20),
that we derived earlier.
Looking at the equations (78), we can first observe the direct effect of spontaneous scalar-
ization on the motion of binary systems, through the effective coupling strength αA. Con-
trary to the GR case, we have 7 unknown parameters {mA,mB , αA, αB , βA, βB , kA} instead
of 2, thus an analysis such as the one we represented in figure 1, is not straight forward
anymore. Note that in order to recover GR far from the binary system, we set α0 = 0,
which leads to G˜ = G and r = mBG/c
3. However there is a way that we could com-
pletely constrain scalar-tensor theories. In the case of a double pulsar, one could observe
the PPK parameters for both objects and thus have 2 sets of equations (78), where we
exchange A ↔ B. Since the equations for P˙b are γ′ are symmetric under A ↔ B, we
have 8 independent equations. Furthermore we can also observe the semi-major axis ratio
between the two pulsars to raise the number of independent equations to 9. In order to
describe a double pulsar system with scalar-tensor theories, one need 8 different parameters
{mA,mB , αA, αB , βA, βB , kA, kB}, thus it is possible to completely constrain these theories
using double pulsar timing. Unfortunately the only know double pulsar system PSR J0737-
3039A/B, is not suitable for such an observation. Indeed the parameters r and s were not
observable for one of the pulsar, because of its orientation with Earth and furthermore it
has gone silent since 2008 [19, 4].
7 Massive Gravity
The idea to add a mass to the field propagating gravity has been around for several decades
and many such theories has emerged in the 20th century, however they all suffered from
what is called Boulware-Deser ghosts [10]. In a relatively recent paper, de Rham et al 2011
[10] were able to construct a ghost free massive gravity theory and revived the interest
in such theories. In this section, we want to construct the ghost-free theory of massive
gravity and understand the implications of such a modification of general relativity on
binary systems, through the Vainshtein mechanism.
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7.1 Ghost-Free Construction of Massive Gravity
In order to better understand the concept of massive gravity, we shortly construct the
ghost-free theory using the work of Heisenberg 2019 [13]. For a more detailed derivation
of massive gravity we refer to de Rham 2014 [9]. As a starting point, we consider the
Lagrangian of the linear theory of Fierz-Pauli
L = −hαβEµναβhµν , (79)
where
Eµναβhµν = −
1
2
(hαβ − 2∂µ∂(αhµβ) + ∂α∂βh− ηαβ(h− ∂µ∂νhµν)). (80)
Adding a mass term to the Lagrangian (79) will break the gauge invariance and will give a
priori 6 propagating degrees of freedom to the tensor field. However a massive spin-2 field
should only propagate 5 degrees of freedom, two helicity-2, two helicity-1 and one helicity-0.
The solution to this problem is to insert an appropriate mass term, which decouples the
ghost degree of freedom by giving it an infinite mass. Adding such a mass term and a
matter contribution gives
L = −hαβEµναβhµν −
m2
2
(hµνh
µν − hµµhνν) +
1
MP
hµνT
µν , (81)
where m is the mass of the graviton and MP is the Planck mass. One can now try to
understand the implications of such a modification of the linearized General Relativity.
We can first represent the extra degrees of freedom using a vector field Aµ for helicity-1
and a scalar field pi for helicity-0, using the transformations hµν → hµν + ∂µAν + ∂νAµ
and Aµ → Aµ + ∂µpi. Furthermore we can canonically normalize the fields Aµ → 1mAµ,
pi → 1m2pi and take the limit m→ 0 to get
L = −hαβEµναβhµν −
1
2
FµνF
µν +
1
MP
hµνT
µν − 2(hµν∂µ∂νpi − hpi), (82)
where Fµν = ∂µAν − ∂νAµ. We can see that the vector field decouples completely, whereas
the scalar field interaction survives, thus even in the limit of a vanishing mass, the massive
spin-2 field will propagate a helicity-0 degree of freedom. This phenomenon is at the origin
of what is called vDVZ discontinuity. In short, contrary to the massive vector field case,
in the limit of vanishing mass, the helicity-0 state does not decouple from the helicity-2
states. Such a consequence would have a noticeable effect on astrophysical observations
and would invalidate the theory, however this phenomenon is only possible in the linearized
theory. Indeed we will see later on that in the case of the non-linear theory, the Vainshtein
mechanism solves this problem.
In order to construct a general theory of massive gravity, we need to include non-linear
interactions and in particular the self-interactions of the tensor field. we first remark that
up to now, we used the Minkowski metric to raise and lower indices, however one can extend
our result to an arbitrary reference metric ηµν → fµν . Furthermore one could make this
new reference metric dynamical, which is the realm of bigravity theories. In order to keep
only five degrees of freedom in our theory we can construct a general Lagrangian using
the elementary symmetric polynomials with the fundamental matrix Kµν = δµν − (
√
g−1f)µν ,
where g−1f is the matrix multiplication between the two metric. The resulting action for
a general ghost-free massive gravity is
S =
∫
d4x
M2P
2
√−g
R[g]− m2
2
4∑
n=1
αnUn[K]
+ Lmatter
 , (83)
where R[g] is the Ricci scalar for gµν , αn are arbitrary parameters and Un[K] are the four
first orders of the elementary sysmmetric polynomials, see Heisenberg 2019 [13]. As we have
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seen for the linearized case, for the limit m→ 0, the helicity-1 states decouple, thus we can
only investigate the effects of the scalar field. In the case h = A = 0, it is possible to write
Kµν = 1MPm2 Πµν , where Πµν = ∂µ∂νpi [9]. As we know from observations, the Planck mass is
very large and the mass of the graviton is predicted to be of the order m ∼ H0 ∼ 10−33eV,
where H0 is the Hubble constant, thus it is natural to consider the limit for m → 0,
MP →∞, such that Λ = MPm2 is constant. In this limit, called the decoupling limit, the
Einstein-Hilbert term reduces to its linearized version and the ghost-free massive gravity is
given by
L = −1
4
hµνEαβµν hαβ + hµν
3∑
n=1
an
Λ3(n−1)
X(n)µν , (84)
where
X(1)µν = 
αρσ
µ 
β
ν ρσΠαβ , (85a)
X(2)µν = 
αργ
µ 
βσ
ν γΠαβΠρσ, (85b)
X(3)µν = 
αργ
µ 
βσδ
ν ΠαβΠρσΠγδ, (85c)
and an are new constants related to αn.
As mentioned earlier, the vDVZ patalogy is cured in the non-linear case by the Vainshtein
mechanism. First introduced by Arkady Vainshtein, this mechanism says that for distances
to the source r smaller than a critical distance rV , called Vainshtein radius, the linear
model breaks down. Because of this, the effect of the helicity-0 state is screened for small
distances, but still have cosmological effects on large scales. As an example we take the
case of the solar system, the Vainshtein radius of the Sun is rV ∼ 104 pc [12], thus the
scalar degree of freedom has no effect on the solar system behaviour, as required. In the
next part we will describe the Vainshtein mechanism more in detail in the case of a binary
system and we will infer possible tests one can do for massive gravity.
7.2 Vainshtein Mechanism for Binary Systems using Cubic Galileon
In order to correctly describe the Vainshtein mechanism in the case of binary pulsars, we
strongly rely on the work of de Rham et al 2013 [12]. Furthermore, for simplicity, we
consider the simplest case where the Vainshtein mechanism plays a role, i.e. the cubic
Galileon model. It is also enough in our case to work in the decoupling limit, for which the
action of the model reads
S =
∫
d4x
[
−1
4
hµνEαβµν hαβ −
3
4
(∂pi)2
(
1 +
1
3Λ3
pi
)
+
1
2MP
hµνTµν +
1
2MP
piT
]
. (86)
One can see that the non-matter part of the action (86) is very similar to the Lagrangian (84)
of the decoupling limit of massive gravity up the order 1Λ3 , thus the cubic Galileon model
gives us a good interpretation of the behaviour of massive gravity. Note that Λ ∼ 10−13eV
and higher order terms in (84) have a stronger factor, which means that at low enough
energies E . Λ3, higher order contributions do not play a role.
Our goal is to find the power P of the gravitational radiation in the cubic Galileon model.
We first assume a point mass object Tµ0 ν = −mδ(x)δµ0 δ0ν and solving the equations of
motion for E(r) = |∇pi| , we find
E±(r) =
Λ3
4r
(
±
√
9r4 +
32r3rV
pi
− 3r2
)
, where rV =
1
Λ
(
m
16MP
)1/3
. (87)
Since E+(r)→ 0 when r →∞ and carries no ghost-like infinities, we choose this solution.
From now on, we omit the subscript of E+, i.e. we write E instead of E+. In order to
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compute the solution for a binary system, we use perturbation around the point mass source
Tµν = Tµν0 + δT
µν , where
δTµν = −
∑
i=1,2
miδ(x− xi)−mδ(x)
 δµ0 δ0ν , (88)
and mi are the objects mass and m = m1 +m2. Since we split the source into a background
part and a perturbative part, we can do the same for the scalar field, namely pi := pi0 +√
2/3φ. The perturbation φ can be described with the Lagrangian
Lφ =1
2
(
1 +
1
2Λ3
(
E′ +
2E
r
))
φ˙2 − 1
2
(
1 +
4
3Λ3
E
r
)
(∂rφ)
2− (89)
− 1
2
(
1 +
1
2Λ3
(
E′ +
2E
r
))
(∇Ωφ)2 + φ√
6MP
δT,
using spherical coordinates, where δT = δTµµ . In order to find the power P we use the
effective action approach. One can find the radiation power with the effective action Seff
using
P =
∫ ∞
0
dωωf(ω), where
∫ ∞
0
dωf(ω) =
2Im(Seff )
Pb
, (90)
with the effective action calculated over one period. In our case, using the Lagrangian (89),
we can write the effective action as
Seff =
∫
d4xLm + i
12M2P
∫
d4xd4x′δT (x)GF (x, x′)δT (x′)+ (91)
+ helicity-2 contribution of GR,
where GF (x, x
′) is the Green function associated to the d’Alembertian operator coming from
(89) (see de Rham et al 2013 [12] for a detailed expression). Since we are only interested
in the imaginary part of Seff , we only need to find the Green function. It is possible to
describe GF using the Wightman functions
GF (x, x
′) = θ(t− t′)W+(x, x′) + θ(t′ − t)W−(x, x′), (92)
where
W+(x, x′) =
∑
l,m
∫ ∞
0
dωulm(r,Ω)u
∗
lm(r
′,Ω′)e−iω(t−t
′), (93)
with ulm(r,Ω)e
−iωt are a complete set of mode functions solving the homogeneous equations
of motion from (89). Using the prior results, it is possible to solve for f(ω) and finally one
can obtain the radiated power
P =
pi
3M2P
∞∑
n=0
∑
l,m
nΩP |Mlmn|2, (94)
where ΩP = 2pi/Pb and
Mlmn =
1
Pb
∫ Pb
0
dtd3x ulm(r,Ω)e
−inΩP tδT. (95)
In order to completely describe the emitted power, we need to specify the mode functions
ulm. First we can decompose them as ulm(r,Ω) = ul(r)Ylm(Ω), where Ylm are the spherical
harmonics. Then one can write ul in terms of r and the emitted angular frequency ω ∼ ΩP
ul =

(
3
8pir3V rω
2
)1/4
cos
(√
3
2 ωr
)
, for ω−1  r  rV
1
r
√
piω
cos(ωr), for r  rV .
(96)
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We now write the power in terms of the multipole expansion, i.e. P ∼= PM + PD + PQ.
Using the equation for the emitted power (94) and the Keplerian orbit approximation
r1,2(t) =
a1(1− e2)
1 + e cos(ΩP t)
m2,1
m
, (97)
with e the eccentricity, it is possible to compute the first orders of the multipole expansion.
We now write the result for the monopole, dipole and quadripole radiation, for a detailed
derivation of the result see de Rham et al 2013 [12]
PM =
25pi
3
b2
16
(ΩPa1)
4
(ΩP rV )3/2
M2M
M2P
Ω2P
∑
n>0
∣∣∣IMn (e)∣∣∣2, (98a)
PD =
c21
8
(ΩPa1)
6
(ΩP rV )3/2
M2D
M2P
Ω2P
∑
n≥0
∣∣∣IDn (e)∣∣∣2, (98b)
PQ =
5λ2
32
(ΩPa1)
3
(ΩP rV )3/2
M2Q
M2P
Ω2P
∑
n≥0
∣∣∣IQn (e)∣∣∣2, (98c)
where b ∼= 0.69, c1 ∼= 0.4, λ ∼= 0.21 (exact expressions in [12]), MM = (m1m22 +m2m21)2/m2,
MD = m1m2(m
2
1 −m22)/m3, MQ = m1m2(m1/21 +m1/22 )/m3/2 and
IMn (e) = n
9/4
√
1− e2e−n(
√
1− e2 − 1)n(1 + n
√
1− e2),
IDn (e) = (1− e2)3
n13/4
2pi
∫ 2pi
0
exp
(−i(n− 1)x)
1 + e cosx
dx,
IQn (e) = (1− e2)3/2
n7/4
2pi
∫ 2pi
0
exp
(−i(n− 2)x)
(1 + e cosx)3/2
dx.
After all these derivations, one might wonder where the Vainshtein mechanism enters into
play. Indeed we have yet to discuss the role of the mechanism in the gravitational radiation.
As a first hint, we can observe that the Vainshtein radius appears in the multipole expansion
(98). The term (ΩP rV )
−3/2 acts as a suppression factor in the monopole formula 98a, which
reduces its order of magnitude. In the case of the quadripole formula 98c, we can directly
compare with the quadripole radiation of General Relativity and we obtain
PQ
∣∣
pi
PQ
∣∣
GR
= q(ΩP rV )
−3/2(ΩPa1)−1, (99)
where q depends on the eccentricity and the mass difference of the binary system. In the
case of the Pulse-Taylor pulsar, q ∼= 0.08 [12]. Here again one can see that the Vainshtein
mechanism acts as a suppression factor and reduces the magnitude of the scalar field radi-
ation. Concerning the dipole contribution, it is also suppressed with a similar factor and
it is usually several order of magnitude lower than the monopole radiation. If one would
do the same derivation in the case of the quartic Galileon model, closer to the complete
theory of massive gravity in the decoupling limit (84), we would obtain a suppression factor
(ΩP rV )
−2 [11].
Our goal is now to find a way to test the cubic Galileon model or by similarity to test
massive gravity through the Vainshtein mechanism and the radiation power using pulsar
timing. It is fairly straight forward to connect the loss of energy due to gravitational
emission with the decrease in orbital period. In the non-relativistic case we have the relation
P˙b = −3
2
Pb
Eb
P, (100)
where Eb is the energy of the binary system. To better understand the amplitude of the
effect of the scalar field on the gravitational radiation of a binary pulsar, we take the Hulse-
Taylor system as an example. The comparison between the contribution of the scalar field
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P˙b monopole P˙b dipole P˙b quadripole P˙b GR σ
4.5 · 10−22 ∼ 10−30 2.0 · 10−22 2.4 · 10−12 5.1 · 10−15
Table 4: Comparison between the scalar field contributions to the decrease in
orbital period in the cubic Galileon framework with the General Relativity case.
We took m = 1.54 · 10−33 eV for the mass of the graviton. The experimental
uncertainty σ is around the value for GR. (from de Rham et al 2013 [12]).
and the contribution of General relativity is exposed in table 4. One can see that the effect
of the scalar field is several orders of magnitude lower than the effect of General Relativity
and the measurements are not sensitive enough to validate or invalidate the theory, in the
case of a graviton mass m = 1.54·10−33 eV. If one now work in reverse, i.e. use observations
in order to find a limit for the mass of the graviton, we can set an upper bound for the
mass of the graviton using pulsar timing. Current measurements of pulsar binary systems
set the lowest upper bound for the mass of the graviton at [12]
m < 10−27, (101)
which is 6 orders of magnitude higher than the required precision to properly test massive
gravity. However pulsar timing measurements do not set the most constraining limit on the
graviton mass. Indeed solar system measurements set the lowest upper bound to m < 10−32
[24], which gives high hope that we will soon be able to properly test massive gravity. The
recent observation of the neutron star merger in 2017 was also able to set an upper bound
on the mass of the graviton, however the limit is 10 orders of magnitude lower than the
solar system experiments, i.e. m < 10−22 [2].
8 Conclusion
After a brief introduction on pulsar’s properties and pulsar timing techniques, we described
the most general weak field gravity theory using the post-Newtonian formalism together
with the PPN parameters. In particular we mentioned all the parameters with their in-
terpretation and predicted value for General Relativity and scalar-tensor theories. Later
on we constructed a general timing formula using the post-Keplerian formalism and the
PPK parameters. We also mentioned each parameter and gave their prediction for General
Relativity. Thanks to these PPK parameters we were able to construct a powerful test of
General Relativity, namely the mass-mass diagram, and using the observations of the dou-
ble pulsar PSR J0737-3039A/B, we could measure the mass of the two pulsars according
to GR and show that the theory is consistent in this framework. We only showed the most
constraining diagram in this review, one could do this test for any binary systems, however
the fact that J0737-3039A/B is a double pulsar system gave us a better measurements.
Since this system is the only one of its kind we have yet observed, it is hard to construct
a more restrictive diagram than the one presented in figure 1. The only hope is to find an
other double pulsar system, which could happen with the use of the new radio telescope
FAST.
After introducing the relevant theoretical basis needed for the report, we could deal with
the tests of the strong equivalence principle. We first associated the parameters αˆ1 and
αˆ2 to a violation of the Lorentz invariance. We then constrained the first parameter up
to the order αˆ1 . 10−5 by measuring the eccentricity vector of the binary system PSR
J1738+0333. Because a non-zero value for αˆ2 would induce a spin precession of a solitary
pulsar, we could set a bound αˆ2 . 10−9 with observations of the pulsars PSR B1937+21 and
PSR J1744-1134, which have a very short spin period. Using the method of the eccentricity
vector, we were also able to set a bound on the parameter representing a violation of Lorentz
invariance and energy conservation, i.e. αˆ3 . 10−20. In order to test for position invariance,
we used the parameter ξˆ, which we could constrain up to the order ξˆ . 10−9, with the spin
precession method. An other test we did for the position invariance is the variation of
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Newton’s constant, we were able to set a bound by observations of the variation of orbital
period for the binary system PSRJ1012+5307 and we set the upper limit to G˙/G . 10−12.
This limit is not the most constraining bound for the variation of Newton’s constant, indeed
solar system tests reaches one order of magnitude lower. Finally we tested the gravitational
weak equivalence principle with the Nordtvedt parameter using the surprising triple system
PSR J0337+1715. By measuring the acceleration of each object, one can set a constrain up
to order ηˆ . 10−5. The limits on the PPN parameters set by pulsar timing techniques are
stronger than the ones set by solar system experiments. However since pulsars are strong
self-graviting bodies and the post-Newtonian formalism is a weak field approximation, the
PPN parameters are not completely satisfactory to describe the motion of such objects. One
then need to be careful when comparing solar system experiments and pulsar observations.
We can however reasonably argue that strong field corrections to the PPN parameters in
any theories, would increase their deviation from zero, thus a limit on a strong field PPN
parameter can induce a similar limit on its weak field counter part. The beginning of the
survey by the new radio telescope FAST will boost the discoveries of new pulsar systems and
one can hope that more appropriate systems to test PPN parameters will be discovered. In
particular, the discovery of a new double pulsar system would allow for better mass-mass
diagram and one could potentially test for all the parameters of scalar-tensor theories.
Indeed, one need 8 different parameters to fully describe the behaviour of a double pulsar
system and one could observe 9 independent post-Keplerian parameters, thus it is possible
to fully constrain scalar-tensor theories with pulsar timing techniques. Furthermore, if one
finds a black hole-pulsar system, it would be possible to constrain the variation of orbital
period by a few orders of magnitude [24].
In order to continue the analysis of the possible constraints one can set using pulsars, we
constructed a general scalar-tensor theory and derived the PPN and PPK parameters for
such a general theory. In particular we showed that, in the weak field limit, we can describe
all the scalar-tensor theories with 2 parameters α0 and β0. We could directly deduce a
bound on the possible scalar-tensor theories using the limit on the Nordtvedt parameter ηˆ.
The result of this study is exposed in figure 4. Furthermore using the effect of spontaneous
scalarization of pulsars, we could set a lower limit on β0 and combining both bounds we
could understand the figure 7, which represents the set of surviving scalar-tensor theories.
The derivation of the PPK parameters showed us that we need 7 parameters to describe the
5 post-Keplerian parameters and thus it is complicated to find a bound on possible scalar-
tensor theories. However we also mentioned that in the case of a double pulsar system, we
only need 8 parameters of the theory to describe 9 independent PPK parameters, thus it
would be possible to constrain the set of possible scalar-tensor theories. Unfortunately one
of the pulsars of the only know double pulsar system is not detectable anymore and some
of the required PPK parameters for this silent pulsar cannot be observed.
Finally we looked at the case of massive gravity. We first constructed the ghost-free
theory and then we discussed the decoupling limit where the mass of the graviton is very
small and the Planck mass is very large. In this limit, the theory is very similar to the
simpler theory of the quartic Galileon, for which one can predict new behaviours of binary
system. Analyzing the quartic Galileon theory is outside the scope of this review, so in
order to understand the implications of the theory we discussed the simpler cubic Galileon
theory. In this framework we described the Vainshtein mechanism, which acts as a screening
mechanism of the scalar mode at short distances and we could set an upper bound on the
mass of the graviton to m . 10−27. The predicted mass of the graviton to account for
cosmological observations is of the order m ∼ 10−33, thus pulsar timing is not sufficient
to probe at the required order of magnitude. The best hope is coming from solar system
experiments, indeed these latter could already set an upper limit down to m . 10−32.
28
References
[1] Anne M Archibald, Nina V Gusinskaia, Jason WT Hessels, Adam T Deller, David L
Kaplan, Duncan R Lorimer, Ryan S Lynch, Scott M Ransom, and Ingrid H Stairs.
Universality of free fall from the orbital motion of a pulsar in a stellar triple system.
Nature, 559(7712):73, 2018.
[2] Tessa Baker, Emilio Bellini, Pedro G Ferreira, Macarena Lagos, Johannes Noller, and
Ignacy Sawicki. Strong constraints on cosmological gravity from gw170817 and grb
170817a. Physical review letters, 119(25):251301, 2017.
[3] JF Bell and T Damour. A new test of conservation laws and lorentz invariance in
relativistic gravity. Classical and Quantum Gravity, 13(12):3121, 1996.
[4] Marta Burgay. The double pulsar system in its 8th anniversary. arXiv preprint
arXiv:1210.0985, 2012.
[5] Thibault Damour. Binary systems as test-beds of gravity theories. In Physics of
Relativistic Objects in Compact Binaries: From Birth to Coalescence, pages 1–41.
Springer, 2009.
[6] Thibault Damour and Gilles Esposito-Fare`se. Testing local lorentz invariance of gravity
with binary-pulsar data. Physical Review D, 46(10):4128, 1992.
[7] Thibault Damour and Gilles Esposito-Farese. Tensor-scalar gravity and binary-pulsar
experiments. Physical Review D, 54(2):1474, 1996.
[8] Thibault Damour and Joseph H Taylor. Strong-field tests of relativistic gravity and
binary pulsars. Physical Review D, 45(6):1840, 1992.
[9] Claudia de Rham. Massive gravity. Living reviews in relativity, 17(1):7, 2014.
[10] Claudia de Rham, Gregory Gabadadze, and Andrew J Tolley. Resummation of massive
gravity. Physical Review Letters, 106(23):231101, 2011.
[11] Claudia De Rham, Andrew Matas, and Andrew J Tolley. Galileon radiation from
binary systems. Physical Review D, 87(6):064024, 2013.
[12] Claudia de Rham, Andrew J Tolley, and Daniel H Wesley. Vainshtein mechanism in
binary pulsars. Physical Review D, 87(4):044025, 2013.
[13] Lavinia Heisenberg. A systematic approach to generalisations of general relativity and
their cosmological implications. Physics Reports, 2019.
[14] Franz Hofmann and Ju¨rgen Mu¨ller. Relativistic tests with lunar laser ranging. Classical
and Quantum Gravity, 35(3):035015, 2018.
[15] MW Horbatsch and CP Burgess. Model-independent comparisons of pulsar timings to
scalar–tensor gravity. Classical and Quantum Gravity, 29(24):245004, 2012.
[16] Alex S Konopliv, Sami W Asmar, William M Folkner, O¨zgu¨r Karatekin, Daniel C
Nunes, Suzanne E Smrekar, Charles F Yoder, and Maria T Zuber. Mars high resolution
gravity fields from mro, mars seasonal gravity, and other dynamical parameters. Icarus,
211(1):401–428, 2011.
[17] Michael Kramer, Ingrid H Stairs, RN Manchester, MA McLaughlin, AG Lyne, RD Fer-
dman, M Burgay, DR Lorimer, A Possenti, Nicolo’ D’Amico, et al. Tests of general
relativity from timing the double pulsar. Science, 314(5796):97–102, 2006.
[18] K Lazaridis, N Wex, A Jessner, M Kramer, BW Stappers, GH Janssen, G Desvignes,
MB Purver, I Cognard, G Theureau, et al. Generic tests of the existence of the
gravitational dipole radiation and the variation of the gravitational constant. Monthly
Notices of the Royal Astronomical Society, 400(2):805–814, 2009.
29
[19] AG Lyne. A review of the double pulsar-psr j0737-3039. Chinese Journal of Astronomy
and Astrophysics, 6(S2):162, 2006.
[20] Ken Nordtvedt. Probing gravity to the second post-newtonian order and to one part in
10 to the 7th using the spin axis of the sun. The Astrophysical Journal, 320:871–874,
1987.
[21] Ken Nordtvedt. G/g and a cosmological acceleration of gravitationally compact bodies.
Physical review letters, 65(8):953, 1990.
[22] EV Pitjeva and NP Pitjev. Relativistic effects and dark matter in the solar system
from observations of planets and spacecraft. Monthly Notices of the Royal Astronomical
Society, 432(4):3431–3437, 2013.
[23] Scott M Ransom, IH Stairs, AM Archibald, JWT Hessels, DL Kaplan, MH Van Kerk-
wijk, J Boyles, AT Deller, S Chatterjee, A Schechtman-Rook, et al. A millisecond
pulsar in a stellar triple system. Nature, 505(7484):520, 2014.
[24] Brian Seymour and Kent Yagi. Testing general relativity with black hole-pulsar bina-
ries. Physical Review D, 98(12):124007, 2018.
[25] Lijing Shao, R Nicolas Caballero, Michael Kramer, Norbert Wex, David J Champion,
and Axel Jessner. A new limit on local lorentz invariance violation of gravity from
solitary pulsars. Classical and Quantum Gravity, 30(16):165019, 2013.
[26] Lijing Shao and Norbert Wex. New tests of local lorentz invariance of gravity with
small-eccentricity binary pulsars. Classical and Quantum Gravity, 29(21):215018, 2012.
[27] Lijing Shao and Norbert Wex. New limits on the violation of local position invariance
of gravity. Classical and Quantum Gravity, 30(16):165020, 2013.
[28] Ingrid H Stairs. Testing general relativity with pulsar timing. Living Reviews in
Relativity, 6(1):5, 2003.
[29] Ingrid H Stairs, AJ Faulkner, AG Lyne, M Kramer, DR Lorimer, MA McLaughlin,
RN Manchester, GB Hobbs, F Camilo, A Possenti, et al. Discovery of three wide-
orbit binary pulsars: implications for binary evolution and equivalence principles. The
Astrophysical Journal, 632(2):1060, 2005.
[30] Norbert Straumann. General relativity. Springer Science & Business Media, 2012.
[31] Steven Weinberg. Gravitation and Cosmology. John Wiley and Sons, New York, 1972.
[32] Clifford M Will. The confrontation between general relativity and experiment. Living
reviews in relativity, 17(1):4, 2014.
[33] Clifford M Will. Theory and experiment in gravitational physics. Cambridge University
Press, 2018.
30
